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The hadron spectrum of Quantum Chromodynamics with a single flavour of quarks is studied
by Monte Carlo simulations at two different lattice spacings. The lightest simulated quark mass
corresponds to a pion with mass ∼ 270 MeV. The symmetry of the single flavour theory can
be artificially enhanced by adding extra valence quarks, which can be interpreted as u and d
quarks. Properties of the theory are analyzed by making use of the ideas of partially quenched
chiral perturbation theory applied to the extended theory.
1 Introduction and Motivation
For the strong interactions of elementary particles a successful theoretical description exists
in terms of Quantum Chromodynamics (QCD). In the low-energy regime of QCD pertur-
bation theory ceases to be applicable. In particular, to calculate the spectrum of physical
particles from QCD is a genuine non-perturbative problem. This is where numerical sim-
ulations of QCD by means of the Monte Carlo method turn out to be an indispensable and
very powerful tool.
To include the dynamics of quarks in numerical simulations is an important but de-
manding task. It requires the calculation of the determinant of the quadratic form de-
scribing fermions in the QCD action, and consumes most of the computer time. Due to
the development of computer power, it has become possible in recent years to include the
dynamics of quarks in QCD simulations.
Quarks do not exist as isolated particles, but bind together in mesons and baryons.
Therefore it is not possible to give a straightforward unique definition of quark masses.
In recent years M. Creutz has drawn the attention to open problems in QCD, which show
up in this context1, 2. One question raised by Creutz, having a relevant phenomenological
impact, is whether it is possible to define in an unambiguous way the case where one quark
(say the u quark) becomes massless. The arguments against an unique definition of the
massless limit1 especially hold for the one-flavour theory.
A difference between QCD with more than one quark flavour (Nf > 1) and QCD with
a single flavour (Nf = 1), which plays a crucial role in this context, is the nature of chiral
symmetry. The Lagrangian of QCD with Nf > 1 flavours of massless quarks possesses a
continuous chiral symmetry with symmetry group SU(Nf )L ⊗ SU(Nf )R ⊗U(1)A. In the
quantum theory the axial U(1)A is not a symmetry due to the Adler-Bell-Jackiw anomaly.
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The remaining SU(Nf )L ⊗ SU(Nf )R chiral symmetry is broken spontaneously to its
diagonal subgroup, which is the usual SU(Nf ) vector symmetry. The Goldstone bosons
associated with the spontaneous symmetry breakdown are massless pseudoscalar mesons,
e.g. the pions and kaons. If quark masses mq are turned on, the Goldstone bosons acquire
masses. If the quark masses are equal and small, the masses of the pseudo-Goldstone
bosons are approximately given by the Gell-Mann-Oakes-Renner relation
m2PS = 2Bmq , (1)
where B is a constant. In such a situation the point, where the pseudo-Goldstone bosons
become massless, uniquely marks the vanishing of the quark masses.
QCD with one flavour of quarks (Nf = 1QCD) radically differs from QCD with two or
more flavours due to the absence of a chiral symmetry: there is no SU(Nf )L ⊗ SU(Nf )R
symmetry group, and the abelian U(1)A symmetry of the one-flavour theory is washed out
at the quantum level by the anomaly. As a consequence of this, the main features of the
phase structure and mass spectrum of the single flavour theory strongly deviate from the
familiar picture. In particular, there are no pseudo-Goldstone bosons, which would indicate
the point of vanishing quark masses. In our project we undertake a thorough investigation
of Nf = 1 QCD in order to study these fundamental questions.
A second interesting aspect is the possibility of a spontaneous breaking of CP (charge
conjugation and parity) symmetry in QCD for special choices of the quark masses, conjec-
tured for the first time by Dashen3. According to the Vafa-Witten theorem4, a prerequisite
for the spontaneous breaking of a discrete symmetry is a non-positive fermion measure,
which in Nf = 1 QCD is possible for negative quark masses. The transition line is in-
deed expected to be located5 on the negative real quark mass axis in the extended complex
parameter space.
Another intriguing aspect of one-flavour QCD is the connection with the N=1 super-
symmetric Yang-Mills theory (SYM) in a particular limit of a large number of colours
Nc
6
. An important place where relics of SUSY in Nf = 1 QCD can be investigated, is
the low-lying bound-state spectrum7. Low-energy models for SYM8 predict a low-lying
chiral supermultiplet including two scalar particles with opposite parity. In Nf = 1 QCD
these two particles can be identified with the η and the σ meson. Their mass ratio including
O(1/Nc) corrections is expected to be mσ/mη = Nc/(Nc − 2)9.
2 Partially Quenched QCD
As we have argued in7, it is useful to enhance the symmetry of the one-flavour theory by
adding extra valence quarks which are quenched, i.e., not included in the fermion determi-
nants. We take two valence quarks u and d with masses mV and one sea quark s with mass
mS . For our purpose the case of degenerate valence and sea quark mass mV = mS is
particularly convenient. In this case the combined sea and valence sector is characterized
by an exact SU(NF ) flavour symmetry, where NF ≡ NV +Nf = 2 + 1.
At the point of vanishing quark masses (see below) the generic partially quenched
theory has a graded symmetry, which is broken spontaneously into a “flavour” symmetry
SU(NF |NV ), also valid for non-vanishing degenerate quark masses. The SU(NF ) sub-
group represents the flavour symmetry in the combined sea and valence quark sectors. It
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implies that the hadronic bound states appear in exactly degenerate SU(NF ) multiplets for
mV = mS .
In particular, this extended theory contains a degenerate octet of pseudoscalar mesons
(“pions” πa, a = 1, . . . , 8) satisfying an SU(3)-symmetric PCAC relation. From the di-
vergence of the axial-vector current and pseudoscalar density a bare PCAC quark mass can
be naturally defined. Due to the exact SU(3)-symmetry, the corresponding renormalized
quark mass mR
PCAC
can be defined by an SU(3)-symmetric multiplicative renormalization.
As we will confirm numerically in Sec. 5, the masses of the “pions” can be made to
vanish by suitably tuning the bare quark mass on the lattice. In this situation the renormal-
ized quark mass vanishes, too. We stress here that the pions are not particles in the physical
spectrum of the theory. Nevertheless, their properties as mass and decay constant are well
defined quantities which can be computed on the lattice. The same applies for the PCAC
quark mass, which can therefore be regarded as a potential candidate for a definition of the
quark mass in this theory.
2.1 Chiral Perturbation Theory
We have calculated both the masses and decay constants of the pseudo-Goldstone bosons7
in next-to-leading order of partially quenched chiral perturbation theory along the lines of
Ref. 12, including O(a) lattice artifacts11. Leaving out the lattice corrections, the expres-
sions for the renormalized pion masses and decay constants in terms of the (renormalized)
PCAC quark mass are
m2π = χPCAC +
χ2
PCAC
16π2F 20
ln
χPCAC
Λ23
,
fRπ
F0
√
2
= 1− χPCAC
32π2F 20
ln
χPCAC
Λ24
, (2)
where χPCAC = 2B0mRPCAC with the usual leading order low-energy constant B0, and Λ3
and Λ4 are next-to-leading order low-energy constants.
The pion mass and the mass of the “physical” η can be related by an extension of
PQChPT10, 12. The leading order expression for the mass of the η reads
m2η =
m2Φ + χPCAC
1 + α
, (3)
where α and mΦ are free parameters in this context. Our numerical results for mη allow
to determine α and mΦ (see Section 5).
3 Simulation
The present study7 has been performed on a 123 · 24 lattice at inverse gauge coupling
β = 3.8 and 163 · 32 lattice at β = 4.0. The lattice spacings correspond to a ≃ 0.19 fm
and a ≃ 0.13 fm, respectively. We use the Sommer parameter13 r0 for setting the scale,
fixed at the conventional value r0 ≡ 0.5 fm. The extensions of the lattices are roughly
constant: L = 2.23 fm and L = 2.14 fm.
For the fermions we use the Wilson action; in the SU(3) gauge sector we apply the tree-
level improved Symanzik (tlSym) action14. The update algorithm is a Polynomial Hybrid
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Monte Carlo algorithm (PHMC)15, 16 allowing the simulation of an odd number of fermion
species. The present version17 is based on a two-step polynomial approximation of the
inverse fermion matrix with stochastic correction in the update chain, taken over from the
two-step multi-boson algorithm of Ref. 18. We reached a relatively high total acceptance
of 0.64–0.72. A correction factor in the measurement is associated with configurations for
which eigenvalues of the (squared Hermitian) fermion matrix Q2[U ] lie outside the validity
interval of the polynomial approximation.
As indicated in the introduction, the sign of the quark determinant is an important issue
in Nf = 1 QCD. With Wilson lattice fermions for small quark masses, it can become neg-
ative due to quantum fluctuations. The sign σ[U ] of the fermion determinant detQ[U ] has
to be included in the reweighting of the configurations. For its computation we applied two
methods. In the first we studied the spectral flow of the Hermitian fermion matrix19, follow-
ing Ref. 20 for the computation of the low-lying eigenvalues. Alternatively, we computed
the spectrum of the non-Hermitian matrix by ARPACK Arnoldi routines21, concentrating
on the lowest real eigenvalues: sign changes are signaled by negative real eigenvalues.
In most of our simulations the quark mass is large enough to prevent sign changes
and the occurrence of a negative determinant is a rare event. On the other hand, for the
smallest quark masses, mq ≃ 12MeV, a sizeable effect can be observed: the sign of the
determinant pushes up the hadron masses by 7− 10%.
4 Hadron Spectrum
For the meson states we consider the simplest interpolating operators in the pseudoscalar
and scalar sectors:
η(0−) : P (x) = ψ¯(x)γ5ψ(x) , (4)
σ(0+) : S(x) = ψ¯(x)ψ(x) . (5)
Corresponding states in the QCD spectrum are the η′(958) and f0(600) (or σ). The discon-
nected diagrams of the hadron correlators of η and σ were computed by applying stochastic
sources with complex Z2 noise and spin dilution22.
In the baryon sector we considered a spin 3/2 operator constructed from the quark
field. The associated low lying state is expected to be the positive parity (32
+
) one. This
corresponds to the ∆++(1232) of QCD if our dynamical fermion is interpreted as a u
quark.
We used the single spatial plaquette to obtain the mass of the 0++ glueball state, em-
ploying APE smearing23 and variational methods24 to obtain optimal operators. Neverthe-
less, our statistics turned out not to be large enough to obtain an accurate estimate of the
glueball masses.
The results for the hadron masses are plotted in Fig. 1 as a function of the bare PCAC
quark mass. Since we use physical units here, results from the two lattice spacings can be
compared. The scaling is satisfactory for the case of η, whose mass could be computed
with the best accuracy. The determination of the σ meson mass seems to require large
statistics.
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Figure 1. The mass of the lightest physical particles in one-flavour QCD as a function of the bare PCAC quark
mass. The masses are multiplied by the scale parameter r0 in order to obtain dimensionless quantities.
5 Partially Quenched Analysis
We have obtained results for the pion masses and decay constant and for the nucleon mass
in the partially quenched sector. The partially quenched ChPT formulae are used to extract
the corresponding low-energy coefficients from the pion data. Considering the number of
lattice data at our disposal, a fit using the continuum terms and neglecting lattice artifacts is
possible. We fitted the data for both β values simultaneously neglecting the dependence of
the renormalization factorsZA andZP upon the lattice coupling constant. The data and the
fitted curves are shown in Fig. 2. In order to improve the numerical results for the universal
low-energy constantsΛ3,4, which do not explicitly depend on the lattice spacing a, we also
performed fits to ratios of these quantities for the data at β = 4.0. We obtain in this case
the results
Λ3
F0
= 10.0± 2.6 , (6)
Λ4
F0
= 31.5± 14.3 , (7)
which, interestingly, are compatible with phenomenological values obtained from ordinary
QCD25. The errors are, however, quite large and we hope to improve these determinations
in the future.
In addition, we investigated the relation between the mass of the pion and of the physi-
cal η by fitting simultaneouslym2π andm2η as a function of the PCAC quark mass according
to formula (3), again considering only β = 4.0. Our data are consistent with a vanishing
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Figure 2. Pion masses squared and pion decay constants in lattice units and the results of the PQChPT fit.
α. Setting α = 0, we find
mΦ = 284± 40MeV (8)
in physical units. The value of mΦ can also be obtained from the Witten-Veneziano for-
mula26
m2Φ =
4Nf
(fRπ )
2
χt (9)
valid at leading-order in the (’t Hooft) large Nc limit. An estimate of the quenched topo-
logical susceptibility27 is χt = (193± 9MeV)4. Using our value for fRπ , which is subject
to a sizeable statistical error, one would obtain mΦ = 450± 170 MeV.
6 Summary and Outlook
This first Monte Carlo investigation of Nf = 1 QCD reveals the qualitative features of the
low lying hadron spectrum of this theory. The lightest hadron is the pseudoscalar η meson
while the scalar meson, the σ, is about a factor 1.5 heavier. It is interesting to compare our
data with the estimate in28 mσ/mη ≃ Nc/(Nc−2) = 3 for Nc = 3. The above prediction
applies for the massless theory and one could expect the agreement to improve for smaller
quark masses. Our bare quark masses (estimated from the PCAC quark mass in the valence
analysis) range between 10 MeV and 60 MeV, while the lightest pion mass is ∼ 270 MeV.
The lightest baryon, the ∆ (32
+
), is by about a factor 3 heavier than the η meson. The
lightest scalar mass obtained with a glueball 0++ operator lies between the σ meson and
the ∆ baryon mass. However, this mass could be overestimated, since, due to the high
level of noise, only small time-separations could be included in the analysis.
In general, the mass measurements have relatively large errors between 3–10%. In
order to obtain more quantitative results, larger statistics and smaller quark masses are
required. We hope to be able to make progresses in both directions29 with our new sim-
ulations using Stout-smeared links in the fermion action. Some preliminary results have
already been obtained.
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The introduction of a partially quenched extension of the single flavour theory with
valence quarks allows to define the bare quark mass in terms of the PCAC quark mass
of the fictitious multi-flavour theory. Comparison of lattice data with partially quenched
chiral perturbation theory allowed the determination of some of the low-energy constants
of the chiral Lagrangian. The latter are compatible, even if with large error, with recent
lattice determinations for Nf = 2 QCD.
A further direction of investigation for the future29 is the CP-violating phase transition
expected at negative quark masses5. For this aspect of the single flavour theory the non-
positivity of the fermion measure plays an essential role.
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